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Abstract 

In this paper, we deal with existence, uniqueness and exact rate of boundary behavior of blow-up 
solutions for a class of logistic type quasilinear problem in a smooth bounded domain involving 
the p-Laplacian operator, where the nonlinearity can have a singular behavior. In the proof 
of the existence of solution, we have used the sub and super solution method in conjunction 
with variational techniques and comparison principles. Related to the rate on boundary and 
uniqueness, we combine a comparison principle proved in the present paper together with the 
our result of existence of solution. 
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1 Introduction 


In this paper, we consider existence, uniqueness and exact rate of boundary behavior of blow-up 
(large or explosive) solutions for the following class of quasilinear problem of logistic type 

f -ApU = Xa{x)g{u) - h{x)f{u) in Q, 

\ u > 0 in fl, u = -boo on dUl, ^ 

where Q C is a bounded domain with smooth boundary, A > 0 is a parameter, Ap stands for the 
p-Laplacian operator given by ApU = div{\S/u\P~‘^'Vu), 1 < p < -boo, a,b € L°°{Ul) are appropriated 
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functions with 6 ^ 0, a can change of sign and / : [0, +oo) —>■ [0, +oo), g : (0, +cx)) —)• [0, +oo) are 
continnous functions verifying some technical conditions, which will be fixed later on. Here, we are 
principally interested in the case where g is singnlar at 0, that is, g{s) —+oo as s —0^. 

We say that a function u G Cl/oc (^)) some v € (0,1), is a solution of problem (H)a, if 

u(x) —>■ +00 as d(x) := dist(x, dfi) —0 


and 


|Vn|^ = / [Xa{x)g{u) — b{x)f{u)](p, for all (f G (7^(0), 

Jn 


where d{x) stands for the distance of point x G n to dXl. 

Next, we made an overview about this class of problem. In 2002, Delgado, Lopez-Gomez and 
Suarez [T] showed existence of blow-up solution for the problem 

-Au = - b{x)uP/^ in D, 

n > 0 in D, u = -|-oo on dXl, 

where AgM, 1 < m < p and b{x) > 0. 

Motivated by that paper, in 2004, the same authors studied in [2] the ensuing problem 

—An = a{x)uP — b{x)f{u) in D, 
u > 0 in D, u = -boo on dQ, 

where 0 < q < 1, a € 0 < 6 G (7^(0) for some p G (0,1) and / satisfies some technical 

conditions, such as, / is an increasing continuous and verifies the Keller-Osserman condition, that 
is, 

roo 

F{t)-^/Pdt < oo (KO) 


i: 


where F{t) = Jq f{T)dT. 

In 2006, the same class of problem was considered by Du m, with q = 1 and /(n) = uP. In 
2009, Feng in m showed that the problem 

—An = Xg{u) — b{x)f{u) in D, 
n > 0 in D, n = -boo on 9D, 

admits an nnique solntion for A G M, 0 < 6 G C^(D) for some p G (0,1) and f,g being increasing 
continnous functions satisfying additional conditions. 

As an exception to the previous works, in 2010, Wei in studied the problem {P)\ with 
negative exponents, more precisely, the singular problem 

—An = a{x)u~™‘ — h{x)uP in D, 
n > 0 in D, n = -boo on cID, 

where p> 1, m > 0 and a, 6 G CP‘{Vl) for some p G (0,1) with b being a positive function. 

Related to quasilinear problems, in 2012, Wei and Wang [8] worked with the ensuing quasilinear 
boundary problem 

—ApU = a{x)uF — b{x)u'^ in D, 
n > 0 in D, n = -boo on dQ, 

where 0<m<p — l<q, and b being a non-negative function. 


One year later, in m, Chen and Wang improved the results found in [ 8 ], because they showed 
that the problem 

J —ApU = a{x)g{u) — b{x)f{u), in 0 , 

\ u = +00 on 

has a solution, supposing that a G L°°(n), b G C^{Q) for some 0 < /r < 1, b{x) > 0 , ^ is a 
nondecreasing and nonnegative continuous function with g'(O) = 0 and / G is an increasing 
function with /(O) = 0 and f{s) > 0 for s > 0. Moreover, /(s) grows more slowly than with 
q > p — 1 and g{s) does not grow faster than at infinity. 

Concerning the boundary behavior, in 2006, Ouyang and Xie m established a blow-up rate of 
the large positive solutions of the problem 

r — Au = Au — 6 (||a; — in B, 

I u = -|-oo on dB, 

where B = Bji{xo) stands for the ball centered at xq G with radius R, b : [0, i?] —>■ (0,oo) is a 
continuous function, q > 1 and A G M. Under additional conditions on b, they obtained a rate of 
boundary behavior accurate of the unique solution for the above problem. 

In 2009, Feng m obtained the exact asymptotic behavior and uniqueness of solution for the 
problem 

J —Au = Xg{u) — b{x)f{u) in U, 

\ u = -|-oo on 

where U C is a smooth bounded domain, A G M, 0 < 6 G C^{Cl) for some p G (0,1), 6 = 0 on 
dXl and there exists an increasing positive function h G (7^(0, (5o) for some Jq > 0 verifying 

lim b(x)/h‘^(d(x)) = Co > 0, lim ( [ h(s)ds]/h(r) = 0 
d(x)—>-0+ r—>0+ Jo ^ 


and 


lim 

r—>-0+ 



h{s)ds^/h{r) 


h > 0 . 


Related to / and g, it was assumed that 0 < f,g G (^^([O,-|-oo)), /(O) = 0, /' > 0, /'(O) = 0, 

f{s)/s, s > 0 increasing, / is RVq with q > V, g increasing with lim 5 ^o+ 5 ^(s) > 0, g{s)/s, s > 0 

in non-increasing and g belongs to RVg with 0 < g < 1. In that paper, an arbitrary function 

h : [so, oo) — )■ (0, oo), for some sq > 0, belongs to class RVg, for some g G M, if 


lim h{ts)/h{s) = for all t > 0 . 

s—>-oo 

Still in 2009, Melian |15] established an exact boundary behavior and uniqueness for the problem 

J ApU = b{x)u‘^ in U, 

I ti = -|-oo on 012, 


where 12 C is a smooth bounded domain, g > p — 1 > 0 with b satisfying 

lim d{x)'^^^^b{x) = Q{xo) for xo G 012, 

X^XQ 


for some 7 G (7^(12) with 0 < ;U < 1, 7 ( 0 ;) < 0 and Q{x) > 0 for all x G 012. 




In 2012, Li, Pang and Wang [18] also showed the boundary behavior and uniqueness for the 
problem 

f —ApU = a{x)vJ^ — b{x)f{u) in 11 , 

\ u = +00 on OH, 

where 11 C is a smooth bounded domain, 0 < m < p—1, 0 < a e L°°(ll), / G C^([0, oo)) 
for some q > p — I, with /(O) = 0 and f{s) > 0 for s > 0, f{s)/sP~^, s > 0 increasing, b G (7^(11) 

for some 0 < /r < 1 with b > 0, b{x) ^ 0 in H, IIq = {x G 11 / b{x) = 0} C H is a non-empty and 

connected set with C^-boundary and some additional conditions on b. 

In the same year, Chen and Wang m proved the boundary behavior and uniqueness of solution 
for the problem 

J —ApU = a{x)g{u) — b{x)f{u) in H, 

I u = -|-oo on till, 

where H C is a smooth bounded domain with A^>2, p>l, 0<aG L°°(ll), g G C'([0, oo)) fl 
RVq, for some q < p — 1 with g being nondecreasing, g{s)/sP~^, s > 0 nonincreasing function 
satisfying g{0) = 0, / is such that /(O) = 0, f{s) > 0 for s > 0 and /(s)/s^“^, s > 0 increasing, 

0 < 6 G C^{Q) for some 0 < /x < 1 with 6 ^ 0 in H and more hypotheses on b, f and g. 

Still in 2012, Xie and Zhao |9] established the uniqueness and the blow-up rate of the large 
positive solution of the quasilinear elliptic problem 

f -ApU = XuP~^ - b{\\x - xoW)f{u) inB, 

I tt = -|-oo on dB, 

where iV>2, 2<p<oo, A>0isa parameter and the weight function b : [0, R] —>■ (0, oo) is a 
continuous function satisfying additional assumptions. Moreover, / is a locally Lipschitz continuous 
function with /(s)/s^~^ increasing for s G (0, -|-oo) and f{s) ~ s'? for large s > 0 with q > p — 1. 

Motivated principally by the above papers and their results, we will study existence and unique¬ 
ness of blow-up solutions and the exact boundary behavior rate. To do that, we hx 


Oo = essinf^a, bo = essinfnb 


and assume that / satishes (KO) and the conditions below 
inf 1^, t > s| 


(/o) liminf 

s—>-+oo 


f{s)/sP 
f{s) 


-1 


> 0 , 


(/i) (i) lim ^ = 0 {ii) 

s-i>0+ sP ^ 


lim lA +^. 

5^ + CXD 


Associated with g : (0, -|-oo) —>■ (0, -boo), we assume that 
{go) {i) lim ^ G [0, -boo] {ii) lim < -boo. 

<J_>.0+ sP ^ s->-|-cxD sP ^ 

Our main result is the following 

Theorem 1.1 Assume a,b € L°°(ll) with ao > —oo and bo >0. If f satisfies {KO), {fo), (/i) 
and {go) holds, then there exist A* G (0, -boo] and a real number Uq > 0 such that the problem {P)x 
has a solution u = u\> (Tq for each 0 < A < A* given. Moreover, A* = -boo if ao > 0. 


Related to condition {fo), it is important to observe that: 







(i) if f{s)/s^ s > So is nondecreasing, for some Sq > 0, then the limit at (/o) is equal to 1, 


(ii) if 


f{t) = 


a{t)tP 0 < t < 1, 
tP-^e-^ , t>l, 


where cr > 0 is a continuous function satisfying cr(l) = e ^ and limcrft) = 0 , then the limit 

t —^0 

at (/o) is null and / does not satisfy (KO). This example shows the necessity of hypothesis 
(/o), 


To state our next result, we need consider other assumptions on / and g, more specifically 


ifiY 


0 < lim 


fit) 


t—>-+oo 


= foo < +00 for some q> p — 1 


{goY 0 < lim YiJl = < _|_oo for some m < p — 1 

t—> + CXD 

and concerning the continuous potentials a and b, we 


(a) there exists R G C{Q) with R{x) > 0 on Us, for some 5 > 0 such that 

lim a{x) = R{xo) for each xq G <90, 

X—^Xq 


where 

rjix) = — - ^-{p — 7 (x)) + p Vx G n and Us := {x £ fl / dix) < (5}. 

q-p+l 

(b) there exist Q G C{Q) and 7 G CP{Q), for some 0 < // < 1, such that 

lim d(x)'’'^*^ 6 (x) = Q(xo), for each xq G dQ] 

X—^XQ 

with Q{x) > 0, X G and 7 (x) < 0 for all x G Us- 
Related to above notations, we have the ensuing result. 

Theorem 1.2 Assume that a,b £ L°°{Q) with a > 0 a.e. on Us, for some <5 > 0. If (fi)', (goY> 
(a) and (6) hold and u £ (7^(11) is a positive solution of {P)x, then 

lim d(x)"*'*^tt(x) = ^(xo), for each xq £ dQ, 

x—>xo 

where a{x) = {p — lix))/{q — p +1), x £ fl and A{xo) is the unique positive solution of 

fooQixo)A‘i~"^{xo) - (p- l)a{xo)P~^il + a{xo))AP~"^~^{xo) - XgooRixo) = 0, xq G dn. 

Moreover, if ao,bo > 0, f{t)/tP~^ is nondecreasing and g{t)/tP~^ is nonincreasing for t £ (0,+oo), 
then the problem {P)x has at most one solution. 

Related to assumptions (go)', we would like to detach that if g is {p — l)-sublinear at infinite, 
that is, goo = 0 with m = p — 1, the behavior of the solution is unaffected by g. 

As an immediate consequence of our results, we have the following corollary 





Corollary 1.1 Assume a G L°°(n) and b G C'(H) with oq = 0 and bo > 0. If 

—oo <m<p—l<q, for each A > 0 the quasilinear problem 

—ApU = Xa{x)u^ — b{x)u^ in Q, 
u > 0 in H, u = +00 on dll, 

has a unique solution u = ux € C^{Q) satisfying 

lim d{x)P/^i-P+^'^u{x) = / (P - 1 ) (g + 1 )^ ^ \ - V( 9 -P+i) ^ ^ 

x^xo \ [q — p + 1 )^ I 

Proof . By the hypotheses on a and b, we can choose R{x) = 0 and 7 (x) = 0 for x G n. Then, 

a{x) = p/{q — p + 1), for all x € H and Q{xo) = b{xo) for each xq G 90. 

Moreover, by the hypotheses on / and g, we also have /oo = 1 = goo- Hence, by Theorem 11.11 it 
follows the existence of a solution u G (7^(0) of {P)\ and by Theorem II.21 it follows the uniqueness 
and 

A{xo) = ^ ^ 

This concludes the proof of this corollary. ■ 

We would like point out that the main contributions of our results for this class of problem are 
the following: 

1- They complement and improve some results found in the literature, because we permit that the 
nonlinearity g may behave as a decreasing and/or singular function. 

2- The existence, exact boundary behavior and uniqueness results were obtained by assuming a set 
of hypotheses more general than those considered in the literature up to now. 

We now briefly outline the organization of the contents of this paper. In Section 2, by using a 
sub and supersolution method in conjunction with variational method, we prove the existence of 
solution for two auxiliary blow-up problems. Section 3 is devoted to prove the existence of blow-up 
solution for {P)x, while in Section 4 we study the rate boundary of the solutions. 


2 Auxiliary problem 

In this section, we are interested in the existence of solution for the ensuing quasilinear problem 

-ApU = \a{x)g{u)-b{x)f{u), in H, , . 

M > 0 in H, u = L on (9fl, ' ^ 

where L > 1 is an appropriated real number. Associated with above problem, we have the following 
result. 

Proposition 2.1 Assume a,b ^ L°°{Pt) with oq > — oo and 6 o > 0. If (/i) and (go) hold, then 
there exist A* G (0, -|-oo] and Gq > 0, which does not depend on L > 0, such that (P)l has a solution 
u = ux^L £ (7^(12) for each 0 < A < A* and L > Lq, for some Lq > 0. Moreover, u{x) > Uo > 0 for 
all x & Q and A* = -|-oo if oq > 0. 




The proof of this proposition is based on the lemmas below. 

Lemma 2.1 Assume a,b G L°°{Q) with oq > —oo and 6o > 0. If (/i) and (go) hold, then there 
exist A* € (0, +oo], Lq > 0 and a do > 0, which does not depend on L > 0, such that {P)l has a 
sub solution u = G (7^(12), for each L > Lq and X € (0, A*) given. Furthermore, u{x) > ao for 
all X and A* = +oo, if ao > 0. 

Proof In the sequel, we will divide our proof into two cases. 


First Case: oq > 0. From (/i), the function 


f{s) = S' 


= cP-l 


sup 


t < s| + for s e ( 0 ,+oo), 


is continuous and verifies 


/(s') ~ 

(z) , s > 0 is increasing (ii) f(s) > f(s), s > 0 


(in) lim = 0 


Now, considering the problem 


(■ ^ V -L 

[iv) hm = + 00 . 


s^+cx) 


-ApV = - 


»/(u) in n, 

0 < u < 1 in n, u = 1 on dCl, 


( 1 . 1 ) 


it follows from Theorem 1.1 in [19] that there exists a solution u G (7^(12) of the problem (|l.ip . 
Besides this, the positivity of u is a consequence of strong maximum principle of Vazquez and u < 1 
in Ll follows from the standard comparison principle. 

So, u satisfies 

—ApU < Xa{x)g{u) — b{x)f{u) in 12, 

^ 7 i > 0 in 12, tt < L on 512, 

for all L > 1 and A > 0 given, where 71 = min^ u > 0. 

Second Case: oq < 0. Applying again (/i) and {go), the function 


g{s) = sP ^supj^^, t > s| + 1 , s > 0 , 


is continuous and verihes 


(i) , s > 0 is decreasing {ii) g{s) > g{s), s > 0 

V 9{s) , 1 . g{s) ^ 

[III) hm -- = 00 [iv) lim -- < 00 . 

^ ' s^ 0 + SP-I s^+00 sP-i 

Next, we denote by rc G C^’^(12) the unique positive solution of the problem 

ApU = uP~^ in 12 , 


0 < u < 1 in 12, u = 1 on 512. 

The existence of the above function can be found in m- Defining wq = nun w > 0 and 

n 


{P 3 ) 


^{M) = 


-1 


{Mwq)P 

g{Mwo) 


I-br. 


f{M) 


MP 


-1 


for M > 0 , 














we see that 


lim (p(M) = —oo, lim (p(M) > 0 and ^(M) > 0, for some M > 0. 

M^OO M—^0 

Thereby, there is Mq > 0 such that 

(p{Mo) = sup{(p{M) / M > 0}. 


In the sequel, we denote by A* the real number given by 


Ah: •- 


sup{</?(M) / M > 0} fiMo) 


Thus, for A G (0, A*), 


1-bn 


Uq 

RMo) 


Ml 


— > (-Aao) 


ao 

g{MoWo ) 

{MqWo)P 


> 0. 


-1 ■ 


Now, remembering that f{s)/s^ ^ is increasing and g{s)/s^ ^ is decreasing in the interval (0, +oo), 
we obtain 

1 - a (-A»o) ,y-'°Ay> . Vx e 0. 

{Mqw{x))P ^ {Mqw{x))P ^ 

Taking u = Mqw > MqWq := 72 > 0 and using the last inequality, we see that 
-Ap{u) < \aogiu) - boofiu) < Xa{x)g{u) - b{x)f{u) in 0, 

u > 72 in fl, u < L on dil., 

for all L > Mq. Hence, choosing ao = min{ 7 i, 72 } > 0 and Lq = max{l,Mo}, we get the desired 
result. ■ 


For the super solution, our result is the following. 

Lemma 2.2 Assume a,b € L°°(Q) with oq > —00 and bo > 0. If (/i) and {go) hold true, then 
u{x) := L € (7^(0) is a super solution of {P)l for each L > Lq, where Lq was given in Lemma [ 2 Tl 
Moreover, u<u. 

Proof Let A G (0, A*), where A* > 0 was given in Lemma 2.1. By (/i) — (ii) and (go) — {ii), we can 
choose 0 < C 3 < C 4 and too > 1 positive constants verifying 

f{t) > C 3 tP~^ and g{t) < C 4 fP~^ for all t G {too,+ 00 ) (1-2) 


and 


Ac4aoo — & 0 C 3 < 0. 


Defining u = L, with L > max{Lo, too}) we derive 

—ApU = 0 > (A 000 C 4 — 6 oC 3 )L^~^ > Aooo 5 '(F) — bof{u) in D. 

Consequently, u G C^(D) and it satisfies 

J —ApU > Xa{x)g{u) — b{x)f{u) in D, 

} M > u in D, u > L on dQ, 

for all L > max{Lo,too}. This finishes the proof. ■. 








2.1 Proof of Proposition 12.11 

As a consequence of Lemmas 2.1 and 2.2, the functions 

V = u — L and v = u — L 


are sub and super solution respectively of the problem 

{ —ApV = Xa{x)g{v + L) — b{x)f{v + L), in P, 

u = 0 on dQ, 


for each L > 0 large enough. 

Hereafter, we will consider the function /i : P x M —)■ M given by 

( Xa{x)g{v + L) — b{x)f{v + L), if t < u(x), 
h{x, t) = ■! Xa{x)g{t + L) — b{x)f{t + L), if v{x) <t< v{x), 
Xa{x)g{v + L) — b{x)f{v + L), iit>v{x) 

and the problem 

J —ApV = h{x,v) in P, 

\ u = 0 on 9P. 

Our goal is proving that problem (P 2 ) has a weak solution v satisfying 


v{x) < v{x) < v{x) a.e. in P, 


(Pi) 


{P2) 


because the above estimate gives that u is a weak solution of (Pi). 

We observe that the energy functional associated with the above problem is given by 

I{v) = - [ |Vu|P- [ H{x,v) Vi;GWn’P(P), 
pJn Jn 

where H{x,t) = h(x, rjdr. 

A direct calculus shows that I belongs to C'^(iyQ^’^(P),M) with 

I'{v)(j)= [ \Vv\P-^VvV(j)- [ h{x,v)^ V(/-G lyo’P(P). 

Jo. Jo. 

Hence, v € lyQ^’^(P) is a weak solution of (P 2 ) if; and only if, u is a critical point of I. 

It is easy to check that I is weak s.c.i and boundedness from below in VLq’^(P). Then, there is 
vq G VL(}’^(P) such that 

l'{vo) = 0 and I{vq) = min{/(?;) : v G lyQ^’^(P)}, 
and so, vq is a weak solution of (^ 2 )- Next, we will show that 


v{x) < vo{x) < v{x) a.e. in P. 
Considering the test function cj) = (vq — U)+, we find that 


(1.3) 


l'{vo)(p = 0 




or equivalently 


|Vuo|^ ^V'UoV(uo - u)+= [ h{x,vo){vo - v)"^. 

Jn 


Thus, by definition of h, 


/ |Vuo|^ ‘^S/voV{vo - v)'^ = / {Xa{x)g{v + L) - b{x)f{v + L)){vo - v)~^. 

Jn Jn 

Using that u is a super solution of (Pi), we get the inequality 

[ \Vvo\P-^VvoV{vo-vy < [ \Vv\P-^S7vV{vo-v)+, 

Jn J n 


and so, 


[ (iVuoT'^Vuo - \Vv\P-^\/v, Vuo - Vu) < 0. 

Jn 


Since —Ap is a strictly monotone operator, the last inequality implies that 

(uo - u)+ = 0, 


leading to 


vo{x) < v{x) a.e in U. 


The same type of arguments can be used to prove that 


v{x) < vo{x) a.e in n. 

Now, we observe that (11.31) follows of last two inequalities. Setting u = vq + L, we have that it is a 
solution of {P)l with 

u{x) < u(x) < u(x) a.e. in ff, (1.4) 

obtaining the desired result. ■ 


3 Proof of the Theorem 11.11 

In this section, we will finish the proof Theorem 11.11 To do that, we will need of two auxiliary 
results below. The hrst one is due to Matero [5] and it has the ensuing statement 

Lemma 3.1 Assume that ^ is a smooth hounded domain in and h : (0,oo) —>• (0, oo) is a 
continuous and increasing function satisfying (KO). Then, the quasilinear problem 

( ApU = h{u) in U, 

\ u = +00 on dQ, 


admits a positive solution u G 

Next, we show a comparison result, which is crucial in our approach, and its proof follows by 
adapting some arguments found in m, [E]. However, for the reader’s convenience, we will write 
its proof. 




Lemma 3.2 [Comparison Principle). Suppose that Q is a bounded domain in and that 
a, jd : Q ^ [0,oo) are nonnegative continuous functions. Let ui, U 2 G (7^(0) be positive func¬ 
tions verifying, in the sense of distribution, 

{ —/S.pUi > a[x)h[ui) — (d[x)k[ui) in O, 

—ApU 2 < a[x)h[u 2 ) — fi{x)k[u 2 ) in Q, 

limsuprf(^_9t2)^o(^2 - Ml) < 0, 

where h,k : [0, oo) [0,cx3) are continuous functions. If for s G 112 }, sup^jiti, U 2 }) 

(a) h[s)/s^~^ is decreasing, k[s)/sP~^ is non-decreasing and a G L°°{Ll) with a ^ 0, 
or 

(6) h[s)/sP~^ is non-increasing and k[s)/s'P~^ is increasing and ft G L°°[Q) with /3 ^ 0 
holds, then ui > U 2 in LI. 


Proof By hypothesis, 

- / [|V'U 2 |^“^Vm 2 V(/? 2 -|Vmi|P“^VmiV¥?i] > f a{x)[h[ui)(pi-h[u 2 )(p 2 ]+[ I3[x)[k[u2)(p2-k[ui)(pi], 
Jn Jn Jn 

^(1.5) 

for all 0 < (/ 9 i, (/J2 G C^[Ll). Then, by density, we can consider the functions i;i,i;2 G Wq’^[LI) 
given by 


Ml 


[[U2 + e/ 2 )P - (m + e)P]+ 
[ui + e)P-^ 


and V 2 


[[U2 + e/2)P - [ui + e)P]+ 
{u2 + e/2)P“i 


with e > 0 


as test functions. Now, denoting by Ll^ the set defined by 


rie = {x G n / U2[x) + e /2 > 111(3:) + e}. 


we have fie C fio := {2: G n / 112(3;) > 111(3;)} C fi, 

'U2 + e/2\P 


Vui = — 


and 


Hence, 


VU2 = 


111 + e 
111 + e \P 


1 + (P - 1)( ^^ + e/2 \P 

Vui+e/J Vui+e/ 

/ 7/1 

I + (p- l)| 


112 + e /2 


V 112 - pi 


111 + e 
Ml + e \P-i 


( V 72 )'’ 

Vit2 + e/2/ 


I := |Vii2|^ ^Vii2Vi;2 — |Viii|^ ^VuiVui 


= \VU2\P-^VU2[I + [p - I)[^^)P]VU2 - P{^^)P-^\VU2\P-^VU2VUI 

+ \Vui\P-^Vui[l + [p- l)[l^^)P]Vui - p[l^^)P-^\Vui\P-^VuiVu2 

= {[I + ip- i)(^)"]|vm2|^’ + [i + [p- i)(^)^]iviiiin 

-p{^^)P-^\^U 2 \P-^VuiVu 2 - p{^^^)P-^\Vui\P-^VuiVu 2 in H,. 


( 1 . 6 ) 




















Now, setting wi = ui + e and W 2 = U 2 + e/2, it follows that 


Vi := V ln(t(;i) = 


Vet 


1 


Veti 


eti + e 


Wl 


and 


V 2 := Vln(et;2) = 


VU2 


Veto 


in rif 


U2 + e/2 W2 

Putting Vi and V 2 in ()1.6p . we get 

/ = {wP\y2\P + {p - l)wl\V2\P + wP\Vi\P + (p - l)i4\Vi\P} 

-pwP\V2\P-^ViV2 - pwP\Vi\P-^ViV2 
= wP\V 2 \P - wP\V 2 \P + wP\Vi\P - wP\Vi\P 

+pwP\V 2 \P + pwP\Vi\P - pwP\V 2 \P-^VlV 2 - pwP\Vl\P-^VlV 2 
= wP{\V 2 \P - \Vi\P - p\Vi\P-^Vi{V 2 - Vi)) + wPi\Vi\P -\V 2 \P - p\V 2 \P-^V 2 iVi - V 2 )). 
Then, from (11.71) and m Lemma 4.2], 

I > c{p) + c(p) i\vp+]v$-^ < = + ^ 2 ) i\vp+]vS-p > 

if 1 < p < 2, where c(p) is a real positive constant depending on just p. Moreover, 

/ > W2 ^2p-^-1 +'^1 ^2p-^-1 = 2P-^^-l (^l +^ 2 )!^! "^ 2 !^, 

if p > 2. Gathering the above information, 

ly, _ t/„|p+(2-p)+ 

I > C{p){w{ + W^DtTTTT—( 77777737+ ^11 p > 1, 


m\ + \v2\)(^-py 


for some C{p) positive. 

Now, (II.8p combined with (11.51) gives 


C{P) [ « 

J Hg 


+ wl) 


pJPl - V2\P+^^-P^" 


(|'th| + |P2|)(2-P)^ 


+ 


< 


f .\h{ui) h{u2) 

/ Q!(xj 

Jn^ 

[ m 

Jn, 


^2 

k{ui) k{u2) 


,p-i 


{wP - wP) 
(wP-wP). 


Since lie CC Hq C 12, we know that 


k{ui) k{u 2 ) ^ k{u 2 ) 


w 


,p-i 


7l W ‘2 U.2 U72 

We claim that there exists K > 0, which does not depend on e > 0, such that 

h{ui) h{u2) 


,p-i 




u. 


p-i 


u. 


,p-i. 


'-w 


,p-l 




w: 


< 0 in 12f. 


ur 


,p-i 


w: 


, > —K in 12e. 

p—i — 


(1.7) 


( 1 . 8 ) 


(1.9) 
































In fact, if the last inequality does not occur, there are e„ € (0,1] and Xn S verifying 


h{ui{Xn)) h{u2{Xn)) 


—oo when n —>■ oo. 


^{Xn) ^{Xn) 

then, we would have limit h{u 2 {xn))/W 2 ~^{xn) +oo, which leads to 

h{u2{Xn)) _ h{u2{Xn)) [Xn) 


( 1 . 10 ) 


implying that U 2 {xn) 0, and so, x 
Since 


^{Xn) wl ^2 ^i^n) 

n —r dQ. 


+ 00 , 


h{ui{Xn)) _ h{u2{Xn)) _ h{ui{Xn)) _ ^ (Xn) h{ui{Xn)) \Xn) h{ui{Xn)) _ h{u2{Xn)) 

V0{~^{Xn) wl~^{Xn) {Xn) u\~^{Xn) w{~^{Xn) u\~^{Xn) (Xn) W^~^{Xn) 

_ h{ui{Xn)) (Xn) - ul~^ (Xn)] , ^\Hui{Xn)) 1 h{u2{Xn)) 1 




Ui Wj ^{Xn) 


+ U^ ^{Xn) 


-Ui ref ^(Xn) uf ^ (Xn) ^(Xn)^' 


the limit lim sup 3 ,_^gQ(u 2 — rti) < 0, in conjunction with the fact that h{s)/s^ ^ is decreasing in 
(0, +oo), yields 

-h{ui{Xn)) h{u2{Xn))- 


lim inf 

n—^oo 


ref ^{xn) ref ^{xn)- 


> 0 , 


which is a contradiction with (jl.lOl) . 

Next, we intend to use Fatou’s Lemma in (jl.9l) . However, to do that, we must to prove that 
there is M > 0, which does not depend on e G (0,1) such that 

0 < ref(x) — ref (x) < M Vx G He and Ve G (0,1). 

Indeed, arguing by contradiction, we assume that there are G (0,1] and x„ G He„, such that 

Mn = iu2{Xn) + en/2)^ - {ui{Xn) + Cn)^ +00. 

The above limit gives U 2 {xn) —>■ +oo, and thus, d{xn) = d{xn,dQ) 0. Rewriting Mn as 


Mn — (1 + 


2rr2(x^ 


[rt2(x„)P - ui{xnT] + 


1 + 


2u2iXn) 


- 1 + 


UliXn) 


Ul{XnY 


the inequality rti(xn) < U 2 {xn) in He„ together with limsup^;-).^^— ui) < 0 leads to 

limsupMn < 0, 

n—)-oo 

obtaining a contradiction. 

Now, assume that (a) holds. Using Fatou’s Lemma in (jl.9jl . we find 


^ ^ f , V pjVlnm - Vlnrr2|P+(2-P)+ f 

0<C{p) / {u^+U2)-7^ TuytI h(2-p)+ / 

Jno (IVlnrxil + |Vlnri2|)U Pi Jno 


a{x) 


h{ui) h{u 2 ) 


u 


,p-i 


,p-i 


(rrf - rrf) < 0, 


from it follows that 


Vlnrii — Vlnri 2 = 0 and a{x) = 0 in Hq, 

































because h{s)/s^~^ is decreasing in (0,+oo). Consequently, U 2 = cui in rio for some c > 1, because 
U2{x) > ui{x), X € rio- Since a{x) = 0 in Oq, we get that Oq c; O, because a / 0 in fl. Denoting 
by D = D n dVt,Q ^ 0, and taking a open set S C Dq such that n D / 0, it follows that ui = CU 2 
in S and ui = U 2 on dTi n D. So, we must have c = 1, obtaining a contradiction. 

Finally, assuming (6) and applying the Fatou’s Lemma in (ll.9p . we are led to inequality 


p iVlnui - Vlnu2|P+(2-pF 


^ "" 2 ) (|y ^ |Vlnu2|)(2-P)+ 


+ / (i{x) 
J r^o 


k{u2) k{ui) 


u. 


,p-i 


u 


,p-i 


{ul - u\) < 0, 


which permits to apply the same arguments as in (a), hnishing the proof of Lemma 13.21 ■ 

Proof of Theorem ll.lf Completed: First of all, we consider the following auxiliary blow-up 
problem 

f -/^pU = \\\a\\oog{u)-hQf{u) in D, 

\ u > 0 in D, u = -|-oo on (9D, 

where g was fixed in the proof of Lemma 12.11 and / is given by 

f{s) = s^’-Mnf 1^;^, i > s| for s > 0. 


(Pe) 


By (/i) and (go), f is continuous and verifies 

p-i i s > 0 is nondecreasing , (u) f{s) < f{s), s > 0 

/ r hs) n / r /('*) 

Ivi) hm -7 = U (viij hm -7 = 00. 

Next, we fix the function h : (0, -t-00) —>■ M by 


Hi) = bof{t) - X\\a\\oog{t) =tP ^ ^0^^ - A||a||oo 


Hi) 


tP 


-1 


Using the properties on / and g, we derive that 


h{io) < 0 for some to > 0; 1™ Hi) — +00, 

t^ + CXD 


and that h is increasing in (ti,-|-oo), where ti > 0 is the unique number verifying /i(ti) = 0, or 
equivalently. 


H 


fjii) 

iiP- 


A||u||(x) 


Hh) 

tiP-^' 


Considering h{t) = h{t -|- ti) for t G (0, -|-oo), we see that h is a continuous, positive and increasing 
function verifying (KO). In fact, as 


r fis + h) 

hm 7-r —Y 

s^+00 (s + ii)P ^ 


-t-00 and 


,. Hs-hii) 

hm -7—7 

s->-+oo (s -|- ti)P 1 


= 0 , 


there exists sq > 0 such that 


g(s + U) ^ bp f(s + ti) 
(s-h ii)P~^ 2A||a||oo (s-|- 


for all s > So- 























Consequently, 


Thus, 


H{t) := / h{s)ds = / h(s)ds + / [6o/('S + ii) — A||a||cxD5(s + ti)]d'S 
Vo Vo VsQ 


> 


> 


/(•S + tl) 


5(s + ti) 




ds 


..0 ^ 2(s + ti)P-i 

^ [ f{s + ti)ds, Vt > So- 

^ Jsn 




^ Uo 


9 s i /•+00 

^ \ p j 


'So 


t 

so+il 


f{r)dT 


-i/p 


dt < +00. 


Here, we have used (/o) and the fact that / verifies (KO). 
Therefore, by Lemma l3.11 the the blow-up problem 


J ApU = h{u) in H, 
\ u = -|-oo on clH 


admits a solution ^ G (7^(0). Now, defining to = .^ -|- ti, we obtain that to is a solution of (To)- 
In the sequel, we fix (L„) C (0,-|-oo) satisfying < Ln+i for all n G N with Li = Lq -|- 1, 

where Lq was given in Proposition 12.II By Proposition 12.11 there exists ui G (7^(12) satisfying 

J —Aptti = Xa{x)g{ui) — b{x)f{ui) in H, 

I ui > 7o in H, ui = Li on dVl. 

Using Proposition 12.II together with Lemma [321 we find a sequence (un)nGN C (7^(H) satisfying 

f -ApUn = Xa{x)g{un) - b{x)f{un) in H, 

I tin, > Un -1 > 70 in Un = L„ on 512. 

Gathering the above information, Un and w satisfy 

{ -ApUn < A||a||oo5(«n) - bof{un) in 12, 

-ApW = A||o||oo5M - bofiw) in 12, 
limsuprf(,,^gt^)^oK - tn) = -oo < 0. 

From Lemma 13.21 

70 < Ul < U2 < ■ ■ ■ < Un < Un+1 < ■ ■ ■ <W. 

Now, using standard arguments there is tt G (7^(12), such that —>■ u in and 

J —ApU = Xa{x)g{u) — b{x)f{u) in 12, 

I u > 0 in H, u = -|-oo on 511. 


This completes the proof of Theorem 11.11 







4 Proof of the Theorem 11.2 


The proof of Theorem 11.21 is a consequence of the three technical lemmas below. The first of them 
establishes the behavior of the solution near of the boundary. 

Lemma 4.1 Assume a,b £ L°°{Q) satisfy {a), (b), (/i)' and {go)' hold. If u € (7^(11) is a solution 
of {P)\, then there exist a neighborhood Us CH of dH and positive constants ci,C2 such that 

< u{x) < X € Us, 

where Us '■= {x £ Q, / d{x) < 5} and a{x) = {p — 'y{x))/{q — p + \) for all x £ Us- 

The second one proves an exact rate boundary behavior for an one-dimensional problem. 


Lemma 4.2 Let p £ [m -|- 1, 5 -|- 1) and j <0 be a real number. If Q,R > 0 are real constants and 
u G (7^(0,-|-oo) is a solution of problem 


— (|u'|P = Rx — Qx '’'tt'?, X > 0, 

u > 0 in (0, 00); u{x) 00, 


( 1 . 11 ) 


where g = [{p — 1 — m){p — 7 )]/{q — p + 1) + p > p, then 

u(x) = Ax~'^ for X > 0, 

where a = {p — 'y)/{q — p + 1) and A> 0 is the unique solution of 

QAi-'" - aP-\l + a){p- 1)4^-”*-^ -R = 0. (1.12) 


Finally, the last lemma studies the behavior of the solution for a class of problem in the half 
space D = {x £ xi > 0}. 

Lemma 4.3 Let p £ [m -|- 1, 5 -|- 1) and g <0 be a real number. If Q,R > 0 are real constants and 
u £ C^{D) is a solution of the problem 

f —ApU = RxfPu'"' — Qxf'^u'^ in D, ^ 

\ u > 0 in D; u = -|-oo on dD, 


then 


u{x) = Ax]^ x £ D, 


where a, g and A were obtained in Lemma [4.21 


Proof of Theorem ll.21 Conclusion: 

Next, we will divide into two parts our proof. The first part is related to behavior near to 
boundary, while the second one is associated with the uniqueness. 


Part 1: Behavior near to boundary. 

Consider xq G dH. We can assume that xq = 0 and n{xo) = —ei, where n{xo) stands for the 
exterior normal derivative at xq and ei is the first vector of canonical basis of M'^. Take x„ C 
such that x„ ^ Xq = 0 and denote by f,n = Xn — tnCi, where > 0 is such that G dLl. Now, 







fixing Zn = Cn- tni^iCn), we have that d{zn) = tn, where dn := d{zn) = inf{|z„ - / ^ € <90} = 

\Zn ^nl) G hi}. 

Now, fixing = a{zn) and 

Vn{y) = d'^^u{^n + dnV), y G = {y G + dnV G Us}, 

where Us is a neighborhood of dQ given in Lemma 14.11 it follows that 

\Vvn{y)r^Vvn{y) = dl,^-+^^^P-^^\Vu{Cn + dny)r^Vu{^n + dny), y G L!„. 

By change variable z = ^n + dny, we have that y £ idn ^ z € Us, and so, 

f \S7vn{y)r^Vvn{y)Vcj){y)dy = d^-^P-^^+P-^ f \Vu{z)r^Vu{z)Vcp(^^^yz 

J ^ U§ 'U' 

= (^an(p-i)+P-Ar^ ]^Xa{z)g{u{z)) - h{zn) f {u{z))](t)( y ^^^ dz 
= d~^ [ [Ad^(''"^a(^„ + iiny)dn“"£l(«(?n + dny)) 

JUs 


+ dny)d‘>^^f{u{in + dny))]^ ^ ^ ^^ dz 

JUs 


(1.14) 


_^7(^.)-7(S.+rf.p)d7(Cn+-^.P)5(^^ + dny)dr-f{uiCn + dny))]<^ 

J 

+ dny)dr"/(«(Cn + dny)M{y)dy], 


for each cj) G Since Q.n ^ D when n —>■ +oo, where L> = {y G , yi > 0}, we obtain for 

each compact set iL CC D given, that there exists an no G N such that K CC Xln and Cn + dny G Us 
for all y G iL and n > no, where Us is given at Lemma l4.II Thus, from the regularity of distance 
function, see for instance |2n( Lemma 14.16], 

d{u + dny) ^ d{in + dny) - d{U) ^ (V%„),d„y) ^ y) = (1,15) 

d{Zn) d{Zn) dn 

uniformly in y G iil, for some ^n between ^n + d^y and ^n- 
Thereby, (a) combined with the above convergences gives 


dyJ~^-+'^-y')a{^n + dny) 


djZn, 

d{^n H“ dnU^ '' 


^^d(Cn + d„y)’'(^"+‘^"^)a(^n + d„y) ^ y^ 


y £ K. 


(1.16) 










With the same type of arguments, combining (b) with the convergence at (ll.lSp . we see that 


+ dnv) 

+ dnv) ^ y€K. 


To complete our analysis of convergence, from Lemma l4.ll 
Vniy) < 

/ d^ \Ol{^n+dny) n- , j \ 

= C2( ^ , J y € iL 


and 


H“ d^y) 


Vn{y) > Cid'^^d{in+dny) 


= Cl 




" di^^n d^iy)' 

Furthermore, from (6), 

I = \{a{zn) - a{in + dny)) lndn\ < cdi^\ lnd„| -> 0 


(1.17) 


uniformly in y G iil, for some c > 0, implying that 

^a„-a{^n+d„y) ^ uniformly in y G iL. (1-18) 

Gathering (jl.l5p . (jl.lSp . regularity of distance function with the fact that (vn) is uniformly 
bounded on compacts set in D, we derive that there is a function v such that u„(y) —>■ v{y) and 
ciyj"“° <v{y) < C2yf“°, for each y € D. 

After that, by (yo)^ 

dn'^^giuiin + dny)) = + dn2/)'W“”" (?n + dny)g{u{^n + dny)) 

= Vn{y)u~""{^n + dny)g{u{^n + dny)) (1.19) 


and by (/i)', 

dT"fiu{^n + dny)) 


gocv{y)'^, y eD 

dT"u’i{in + dny)u~’i{in + dny) f iu{in + dny)) 
Vn{y)u~y{in + dny)f{u{in + dnd)) 

/oo'c(y)'', y € D. 


( 1 . 20 ) 


Finally, as y, 7 G (7^(11), for some 0 < y < 1, repeating the same arguments used in the proof 
of (jl.lSF we deduce that 

d'^{^ri)-v{^n+dny)^ ^'^(z„)-'y{^n+dny) ^ with u —>■ +00, for each y & D. 


( 1 . 21 ) 













Now, given cj) G C^{D) and recalling that —>■ D, we have suppcf) C for n large enough. 

Thereby, passing the limits in (jl.l4p . and using (jl.lOp . (jl.lTp . (jl.l9l) and (jl.20D . we conclude that 
Vn ^ V ui and u is a solution of the problem 

-ApU = XgooR{0)yi'^^^K^ - /ooQ(0)y]”'^^°^u'' in D, 

< 

in D, u = +oo on dD. 

Hence, taking Q = fooQ{0), R = Xgcx>R{0) and a = a(0), the Lemma 031 gives 

v[y) = 2/ G 

where A = H(0) > 0 is the unique solution of 

/ooQWH-?— - (p - l)a(0)P-^(l + a(0))HP—1 - Xg^RiSX) = 0. 

Now, taking y = e\ and using the definition of Vn, we obtain that 

lim d'^'^u{xn) = A. (1-22) 

n—>-+oo 

To complete our proof, we will use the following limits 

^ 1. (1.23) 

We prove the above limits following the same arguments like those used to prove pi.lSp . because 
a € (7^(11) for some 0 < p < 1. Moreover, another important limit involving the function d is 
d{xn)/d{zn) —>• 1, whose proof follows similar arguments like those used to prove (11.151) . 

Therefore, from (11.221) and (11.231) 

lim = lim = H. 

n—)-+oo n—)-+oo 


Part 2: Uniqueness. 

Let u,v be two solutions of (Pa)- By the above information, 

lim = 1, for each xq € dVL. 

x^xo v{x) 

Combining the last limit with the compactness of dfl, for each e > 0, there exists (5 > 0 such that 

(1 — e)v(x) < u(x) < (1 + e)u(x), x G Us- (1-24) 

Moreover, using that is nondecreasing and g{t)/tP~^ is nonincreasing in the interval 

(0, +oo), we deduce that (1 — e)v and (1 + e)^ are sub and super solutions of the problem 

f -ApW = Xa{x)g{w) - b{x)f{w) in ^5') 

\ w = u on dU^, ^ ' 

where = {x G ^},d{x) > <5}. Since tt is a solution of (ll.25p as well, it follows from Lemma [321 

(1 — e)v{x) < u(x) < (1 + e}v(x), x G . 

Now, combining the last inequality with (11.241) . we are led to 

(1 — e)v{x) < u{x) < (1 + e)v{x), x G 

Taking e —>■ 0, we obtain u = u in 11, hnishing the proof. 



























5 Proof of Lemmas 


Proof of Lemma 14.11 

Proof : Given x € Us, where (5 > 0 is given by hypotheses (a) and (6), define the function 

v{y) = + d{x)y), y G 5i/2(0). 

As u € (7^(0) is a solution of {P)x, for each Lp G C'“(i?i/2(0)), the change of variable z = x + d{x)y 
leads to 

[ \Vv\P-^VvVip{y)dy = [ \Vu{z)\P-^Vu{z)Vip(^{z - x))dz 

7Bi/2(0) ^ 


= d{x) 


^d{x)/2{^) 

r [Xaiz)giuiz)) - biz)f{uiz))]p,[J-iz - x))dz 


Now, gathering the compactness of did, (/i)' and (go)', we derive that 


o(a:)(p-l)+p 


Xa{x + d{x)y)D 2 U^ {x + d{x)y) 


[ \\/v\P-^\/vVp>{y)dy < d(x)"^ [ d{x] 

•'^ 1 / 2 ( 0 ) ■'^d(a:)/2G) 

—b(x + d{x)y)D\ vdix + d{x)y) p>{ ,, , (z — x)) dz 

J \d(x) / 

= d{x)-^ [ \xD2a{x + d{x)y)d{x)^^^^^P-^'>+Pd{x)-^^^^^v'^{y) 

“'^d(a;)/2G) ^ 

-D[b{x + -^{z - x)]dz 

J \d[x) ) 

= d{x)~^ j XD 2 a{x + d{x)y)d{x)P^^'^v'^(y) — D[b{x + d{x)y)d{xy^^\^{y) 

•^^d(a;)/2G) ^ 

for all If G C'“(i?i/ 2 ( 0 )) with (/J > 0 and for all x ^ Us, where 5 > 0 is such that 

g{u{x)) < D 2 u{x)'^ and f{u{x)) > D[u{x)p for all x G Us, 

for some real constants D 2 ,D'^ > 0. Here, we have used that u{x) —>■ 00 as d{x) —>■ 0. 
Moreover, using the inequality below 

d{x)/2 < d{x + d{x)y) < 3d{x)/2 Vx G Us 

together with (a) and ( 6 ), we get 

b{x + d{x)y) > Cd{x + x ^ Us 

and 

a(x + d(x)y) < Dd{x + d{x)y)-P^^+‘^^^^y^ < x G t /5 

for suitable (5 > 0 and some positive constants C, D, C and D. Therefore, 

XD 2 a{x + d{x)y)d{x)P^^^v'^{y) — D'ib{x + d{x)y)d{xy^^'> v'^ {y) 




d{x) 


(z — X 


(1.26) 















for X e Us, y G -61/2(0) and 61,63 > 0 . 

Now, substituting this inequality in (I 1 . 26 P and returning to the variable y G 61/2(0), we obtain 

[ \Vv\P-^VvVip{y)dy < [ [A 63 (i(a:)^(^)-^(^+‘^(^) 2 ')u"*(y)- 6 id(x)T'(^)-'^(^+'^(^) 2 ')i;'?(y)]¥?(y)dy. 

•'^1/2(0) •'^1/2(0) 

Taking the limit x did, or equivalently d{x) 0 , we find 

[ \Vv\P~‘^Vv\/ip{y)dy < [ [A63?;"*(y) - Div‘'{y)](p{y)dy, 

'^^1/2(0) '^^1/9(0) 


'-^1/2(0) 


( 1 . 27 ) 


because 


^(a,)^(6-'7(^+rf(6y)^rf(a;)7(6-7(^+rfWy) ^ 1 as d{x) ^ 0 . 

On the other hand, from Theorem ll.il there exists U G 6^(65^/2( 0 )) satisfying 


Then, by Lemma 13.21 
that is, 
showing that 


-\U = XD^U^ - DiU^ in 61/2(0), 

6 > 0 in 61/2(0), U = +00 on 961/2(0). 


viy) < U{y) in 61/2(0), 
d{x)°'^^^u{x + d{x)y) < U{y) for all y G 61/2(0) and x G Us, 


( 1 . 28 ) 


u{x) < U{ 0 )d{x) for X G Us- (1.29) 

Now, let us prove the other inequality. Denote by x G dil the point that carries out the distance 
of X on dil, and fix = x + d{x)v{x), where ^{x) is the exterior unity normal vector to the dil at 
X. Since dil is smooth, we have that Zx G for x G 65/2 for some (5 > 0 . This way, we can define 

w{y) := d{xY^'"">u{zx + d{x)y), y ^ Qx = {y ^ A / Zx + d{x)y G 65 }, 

where A = {y ^ / 1 <\y\ < 3 }. 

From the hypotheses (b), we can fix (5 > 0 small enough, such that 


and 


b{zx + d{x)y) < Cid{zx + dix)y)-A-^+^U)y), 

1/2 < < 3/2 


( 1 . 30 ) 


( 1 . 31 ) 


for all X G 65/2 and some Ci > 0 . In the sequel, by using (/i)' and the fact that u(x) —>■ 00 as 
|x| ^ 00, we can also hx 62 > 0 verifying 


/(tt(x)) < C2u{xf Vx G Us/2- 


( 1 . 32 ) 


Thus, given ip G C^{Qx) with </? > 0 , (ll. 30 p together with () 1 . 32 l) and the positivity of a on Us, 
yield 


^ Qx 


|Vrc|^ ‘^VwVpdy = f \'\/u{zx + d{x)y)\^ ^Vu{zx + d{x)y)V(pdy 

Qx 


> - / CiC2d{x)A^^-A^^+^U)y)y,q(y-)^dy. 

^ Qx 


( 1 . 33 ) 








From (ll.3ip and (I1.33P 


f |Vu;|^ ‘^VwS/ip{y)dy >- j C 2 ,w'>{y)tp{y)dy 

'j Qx Qx 


(1.34) 


for X 12 and some 6*3 > 0. 

On the other hand, set Z G 0^(1, 3) denotes the positive solution of 


_(j.7V-l|^/|p-2^/)/ ^ in (1,3), 

Z > 0 in (1, 3); Z{1) = K, Z{3) = 0, 


(1.35) 


then Z{y) = Z(\y\) G C^{A) is a radially-symmetric solution of the problem 


-ApZ = in A, 


Z > 0 in (1,3); Z(l) = K, Z(3) = 0. 


(1.36) 


Since Qx C A, it follows that Z{y) < 'w{y), y G dQx- So, the inequality (ll.34p combined with 
pi.36p and Lemma 13.21 gives 

u{zx + d{x)y) = w{y) > Z{y) in Qx, for all x G Us/ 2 , 

that is, taking y = —2v{x) and remembering that x = Zx — 2d[x)v{x), we obtain 

u{x) > Z(-2i/(x))d(x)-“(^) = Z(2)d(x)-“(^), x G Us/ 2 - (1-37) 


Now, the lemma follows gathering (I1.29P and (|1.37p by considering the smallest <5 > 0 that we have 
considered in this proof. ■ 


Proof of Lemma 14.21 

The proof of Lemma 14.21 is based upon ideas found in [T7]. Here, we are able to prove that the 
solutions of problem (II. lib are of the form u{x) = Ax~^, with A verifying (I1.12jl . by using a result 
of |17] instead of the Poincare-Bendixon’s Theorem as used in |15j . More exactly, the results that 
we will use has the following statement: 

Given positive numbers Ti, T2 and h, we let A := {tc G C^([ri, T2]) / w > h} and the continuous 
function H : [Ti,r2] —t M defined by 

H{s) := — \{w\^'‘^y\^~‘^{w\^^yw^^~^'^^^]{wi —W 2 ){s) 

for wi, W 2 £ X given. In it was proved the following result 
Lemma 5.1 Assume that wi,W 2 G X, then 

Ur^-y{wl^py\p-^{wl^pyy {r^-y{uy^^y\p-^{w\/'^y)u 

for all [/, S such that Ti < S < U < T2 hold. 


H{U) - H{S) < f 

Js 


{wi — W2)dr 
























Proof of Lemma 14.21 It is easy to check that uq{x) := Ax~°^^ a: > 0 is a solution of (jl.lip . where 
^ > 0 is the unique solution of (I1.12p . In the sequel, we will show that uq is a maximal solution 
for (II.lip . To see why, our first step is to show that if G 61^(0, oo) is a solution of (II.lip , then 

u{x) < cx~^ Vx > 0, (1.38) 


for some positive constant c. Fixed x > 0, define v{y) = x°‘u{x + xy) for \y\ < 1/2, and note that 
V satishes 

r -(\y'\p-^py = R{1 + yyvyrn _ |y| < 1/2, 

P x>0 in |y| < 1/2, x(l/2) = x"u(3x/2) and x(—1/2) = x"u(x/2). ^ 

On the other hand, from Theorem 11.11 there exists U G C'^(-l/2,1/2) satisfying 

r -(\U'\P-^U')'= R{l + y)-^U^-Q{l + y)-'^U<i, |2/| < 1/2, 

\ U >0 in \y\ < 1/2, 17(1/2) = 17(-l/2) = +oo. ^ ^ 

Combining (jl.39p with ()1.40p and Lemma 13.21 we deduce that 


v{y) < U{y) for \y\ < 1/2. 


Taking y = 0, we see that 


u{x) < U{0)x ", X > 0 (c = 1/(0) > 0), 


proving (|1.38p . 

After the previous study, we are able to prove that 

u(x) < rio(x) Vx > 0 . 


(1.41) 


To this end, we assume that there exists tq > 0 such that u < Ctq does not hold in (tq, oo), where 
Ct{x) '■= uo(x — r) for X > r for each r > 0 given. Thereby, there exist to,so G [to,oo] such that 
u(to) = Croito), u(so) = Cto(so), if sq < OO and u(x) > Cto(x) in (to,so). 

A straightforward computation gives that Ctq satishes 


- Qx-Klin{to,so) 


(1.42) 


Putting = 1, wf = u and = C into Lemma FS.ll (ll.42p together with the fact that u is a 
solution of (II.lip yields 


H{s2)-H{si) < r 
J Si 

<- I 




.p-i 


itP 


-1 


{u^-ejdx 


*2 rQx-oc/o - Qx-^u^i - Rx-^u'^- 


Si 

rs2 

/ Si 


aP-1 

STO 


vL 


-1 


{uP-ejdx 


[Qx-T'(C/“^+^ - u''-P+^) + Rx-^{u^-P+^ - Q-P+^)]{uP - e)dx < 0, 


for alHo < Si < 52 < So, where 

= iici''-"c;d‘-''> - \u'r\'u^'-r]{unx) - c(i)), x e (*„,»„). 


( 1 . 43 ) 




























The above inequality implies that H is decreasing in {to,so). Thus, if sq < +oo, then H{to) = 
H{so) = 0, that is impossible. If sq = +oo, then lim H{x) = Hoo € [—oo,0), because H{to) = 0 

x—>-+oo 

and H is decreasing. 

Moreover, the definition of (ro s-iid (I1.38P combine to give 

Then, by (I1.43P and Hoo € [—oo,0), 

lim = Too, 

x^+oo 

showing that u' > 0 for x large enough, which is impossible, because u{x) q_ Hence, 

u{x) < Crix) Va; G (r,+oo) for all r > 0, 


implying that 

u{x) < lim Cr(a^) = ^* 0 ( 2 ;) Vx € (0, + 00 ), 

r —>-0 

showing (ll.4ip . and thus, uq is a maximal solution for 111.lip . 

To complete the proof of Lemma 14.21 we will show that uq is also a minimal solution for (jl.lip . 
In the sequel, we define ^e(x) = uo{x + e) in (0, + 00 ) for each e > 0 and we use a similar argument 
to conclude that for each e > 0 the inequality below holds 


u{x) > ^e(x) Vx G (0,+ 00 ). 


The above estimate leads to 


u{x) > lim^c(x) = uo(x) Vx G (0,+oo), 

e ->-0 

from where it follows that uq is a minimal solution. Since uq is at the same time a maximal and 
minimal solution, we can conclude that u{x) = Ax~°‘, x > 0 is the unique solution of (11.111) . 
finishing the proof of the lemma. ■ 

Proof of Lemma 14.31 

Proof In this proof, our first step is to show that 


Uo(x) = Uo(xi,X2, • • • ,x„) = Ax^ " 

is a solution of (jl.l3l) . where ^ > 0 is the unique solution of (I1.12p . Below, we prove that (11.131) 
admits a minimal and a maximal solutions depending on just xi. In fact, we will begin showing 
the existence of the maximal solution, which we will be denoted by Umax- 

To do this, let {Dk} be a sequence of smooth bounded domains CC D^+i such that D = 
Related to {D^}, we consider the problem 

f -ApU = Rxf'^u'^ - Qxf^u^ in D^, 

\ n > 0 in Dk, u = +00 on dDk- 


By Theorem ll.il there exists a solution Uk G C^{Dk) of (11.441) satisfying 


no(x) < Uk+i{x) <Uk{x), X e Dk- 
























The above inequalities follow from Lemma 13.21 Thus, there is u) € such that —>■ te in 

^/oc(^)> ^ is a solution of (I1.13P and 


w{x) > uo{x) Vx G D. 

Let V € be another solution of (|1.13|) . By Lemma 13.21 u < ttfc in Dk for all k. Then, 

V < w in D, showing that u; is a maximal solution for (I1.13p . In the sequel, we denote by Umax the 
function w and set 


w{x) = Umaxixi,x' + t), for xi > 0 and x' G 
for each t G given. 

Since, rZ> is a solution of (I1.13P as well, it follows that w < Umax in D, or equivalently, 
Umax{xi,x' + t) < Umax{xiix') for each xi > 0 and t, x' G 
given. So, it follows from the arbitrariness of t G and the above inequality, that 

Umax (xi, X ) = Umax {xi, y ') '^X , y (z , 


showing that Umax depends just on xi. Thereby, Umax is a solution of problem (II.lip , and by 
Lemma 14.21 

Umax{xi,X2, ■ ■ ■ ,Xn) = Ax^°, xi > 0 and (X2, ... ,X„) G 

To hnish the proof, our next step is to prove the existence of a minimal solution for (I1.13p . 
denoted by Umin, which will also depend on just xi. To do this, taking D'j^ = i?4fc(0) D D, we have 
that 

Di C B3k(0) ndDc dD', and D = 

From now on, for each A: G N, we fix ijjk G satisfying 0 < V’fc < 1 on dD'f^, •0^ = 1 on 

dD n Bk{0), V'fe = 0 in dD'p, \ (i?2fc(0) n dD) and 4’k+i > '4’k on n n dD. 

By a result found in m, there exists a unique solution u^n^ problem 


—ApU = —Qx^ '^u^ in D'j^, 

tt > 0 in D'f,, u = ml^k on dD'f,, 


that is, u^. „ is a sub solution of the problem 


—AnU = Rx 


~V„,m 


- Qx^ 


-7 


U 


^ in Dl 


u > 0 in D^, u = Mfc „ on dDl, 


(1.45) 


where D^, = i?4fc(0) n {x G xi > r} C for each r G (0, (^/n)^/"). 

Since uq is a super solution of (ll.45p with Uf^ ^^ < uq on dDl, there exists a ^ G C^{Dl,) 
solution of the problem (|1.45p satisfying U/^ ^ ^ < uq in D"^. Then, after a diagonal process, 

there is Vk^n G C^{D'k) such that „ —>■ Vk^n in as r —)• 0. Moreover, u^n ^ Vk^n A uq in 

k 


D'l. and Ufc „ is a solution of the problem 




—ApU = Rx 
u > 0 in Dp, u = nipk on dDi. 


— Qx^'^u^ in D'k, 


(1.46) 


















Applying the Lemma (3?^ we deduce that Vk,n satishes Vk,n < Vk+i,n and Vk,n < uo in Thus, 
Vk,n Vn in Cl^^{D), Vn < uq in D and satisfies 

f —ApU = — Qx^'^u'^ in D, 

\ u > 0 in L), u = n on dD. 

Using again Lemma 13.21 we derive that Vn < Vn+i in D. 

Finally, passing to the limit as n —>■ +oo, we have that —>■ Umin in Cl^^{D). Besides this, 
following the arguments concerning to Umax-, we show that Umin is a minimal solution for (I1.13p . 
which depends on just xi. So, Umin is a solution of problem 111.lip and from Lemma 021 we have 
that 

Umin{xi,X 2 ,..., Xn) = xi > 0 and (X 2 , ■■■,Xn) G 

with A > 0 being the unique solution of (|1.12p . Hence, given a rt G C^(D) solution of (I1.13p . we 
must to have 

u(xi, X 2 ,..., Xn) = Axj"", xi > 0 and (x 2 , • • •, Xn) G 
This completes the proof of Lemma 14.31 ■ 


6 Final comment 


Here, we would like point out that Theorem II.II still holds, if in the assumption (/i) — (i) we have 

lim f(s)/s^~^ < +00 if oq > 0, 
s->-0+ 


or 


lim f(s)/s^ ^ 

s—^0+ 


< l/ll&lloo if no < 0. 
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